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We study the collective excitation and stability of superfluid Fermi gases flowing with a constant
velocity in three-dimensional free space. In particular, we investigate a possible gapless superfluid
state induced by the superflow using the mean-field theory and the generalized random-phase ap-
proximation (GRPA). For weak attractive interactions, we find that the mean-field superfluid order
parameter can take a nonzero value even after the superflow velocity exceeds the threshold for the
onset of Bogoliubov quasiparticle excitations. Since the Cooper pairs are only partially broken by
the quasiparticle excitations, a gapless superfluid state can be formed over a certain range of super-
flow velocity above the pair-breaking onset. In addition to the usual quasiparticle-pair continuum
and the Anderson-Bogoliubov collective mode, the GRPA excitation spectrum of the gapless super-
fluid state has a quasiparticle-quasihole continuum and a second collective mode. We find that the
long-wavelength excitations of the second collective mode eventually cause dynamical instability of
the system when the superflow velocity increases. However, the gapless superfluid state still remains
stable in a narrow but finite range of superflow velocity.
PACS numbers: 03.75.Kk, 03.75.Ss, 67.85.De
I. INTRODUCTION
Since the experimental realization of Bose-Einstein
condensation (BEC) in a weakly interacting Bose gas [1,
2], ultracold atomic systems have provided an ideal test-
ing ground for studying the superfluid properties of neu-
tral gases. Especially, ultracold two-component Fermi
gases have attracted great interest in the expectation that
highly controllable systems are provided for simulating
strongly correlated electron phenomena, such as high-
temperature superconductivity [3]. A key advantage of
the atomic Fermi systems is that the inter-component
interaction can be widely tuned by the use of the Fes-
hbach resonance technique [4]. Taking the advantage,
the smooth crossover from the Bardeen-Cooper-Schrieffer
(BCS) superfluid of weakly coupled Cooper pairs to the
BEC of tightly bound molecules has been successfully
demonstrated [5–9]. The BCS-BEC crossover [10–16] is
ubiquitous in various fields of physics such as quark mat-
ter [17] and neutron stars [17–20] as well as solid-state
materials [3].
One of the most characteristic signatures of superflu-
idity is dissipationless superflow, which can be stable up
to a certain critical velocity. In a superfluid atomic gas,
the critical velocity can be directly measured by stirring
the gas with a laser beam [21, 22], by applying a sudden
displacement of the confinement potential [23, 24] or by
the use of a moving optical lattice [25–27]. Therefore, the
superflow properties and the critical velocity have been
studied with great interest both experimentally [23–29]
and theoretically [30–45] in cold atomic systems. A cri-
terion for the occurrence of dissipationless superflow was
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first proposed by Landau [46] in the context of superfluid
4He. According to the Landau criterion, an elementary
excitation can be created only if the velocity of a super-
flow exceeds the so-called Landau critical velocity [46]
vL = min
p
[
εp
p
]
, (1)
where εp is the energy of an elementary excitation of
momentum p. In uniform superfluids of two-component
fermions, it is known that two different kinds of elemen-
tary excitation εp can be a cause of the energetic (Lan-
dau) instability of superflow depending on the strength
of the inter-component attraction [30, 31]. In the strong-
coupling BEC regime, the instability of superflow is in-
duced by bosonic long-wavelength excitations of the col-
lective sound mode, known as the Anderson-Bogoliubov
(AB) mode. On the other hand, in the weak-coupling
BCS regime, a fermionic quasiparticle excitation with a
finite momentum can be created before the bosonic col-
lective excitations occur. As a result, the Landau critical
velocity vL across the BCS-BEC crossover exhibits non-
monotonic behavior with a maximum that is located close
to the unitarity limit. At the maximum, the mechanism
of the instability changes from fermionic to bosonic ex-
citations [30–32]. The predicted pronounced peak of the
critical velocity near unitarity has been confirmed exper-
imentally in ultracold superfluid Fermi gases with the use
of a shallow moving optical lattice [27].
The influence of a finite superflow in ultracold atomic
gases has been studied also in the presence of deep op-
tical lattices where the tight-binding approximation is
valid [33–37, 41–44]. In the low density limit, the attrac-
tive Hubbard model in the presence of superflow exhibits
a similar behavior to the homogeneous case [34, 35, 47]
mentioned above. Away from the low density limit, the
AB mode possesses a roton-like dip structure at short
2wavelength due to density-wave fluctuations. Conse-
quently the short-wavelength collective excitation can oc-
cur before the other excitations when the superflow ve-
locity increases. The instability mechanism of the lattice
systems changes depending on the filling, the attraction
strength and the geometry of the lattice [34–36]. It has
been also discussed that a charge-density-wave order may
appear coexisting with superfluidity due to the softening
of the short-wavelength collective excitation. For two-
dimensional (2D) and three-dimensional (3D) hypercubic
optical lattices, such a “flowing supersolid” state is pre-
dicted to be unstable because of the negative superfluid
stiffness [33]. On the other hand, for a Fermi superfluid
in a moving kagome optical lattice [37], the particular ge-
ometry of the kagome lattice introduces anisotropy in the
hopping amplitude of Cooper pairs, leading to a density
modulation without breaking the superfluidity.
Let us revisit the subject of the flowing homoge-
neous Fermi superfluids in 3D free space. As stated
above, according to the Landau criterion, the super-
flow is destabilized by bosonic long-wavelength excita-
tions in the strong-coupling BEC regime, while fermionic
quasiparticle excitations occur in the weak-coupling BCS
regime [30]. However the latter does not mean the break-
down of superfluidity since the fermionic excitations can-
not lower the energy of the system indefinitely due to the
Pauli exclusion principle [34, 48–50]. In other words, the
Landau instability due to the fermionic excitations just
correspond to the onset for Cooper pair breakings. In
fact, it is known that in 3D superconductors, a gapless
superconducting state that possesses nonzero order pa-
rameter but zero energy gap [51] can be allowed to appear
in a certain range of supercurrent velocity even after pair
breaking starts to occur [34, 48–50]. By analogy with the
superconductors, it is necessary to take into account the
possibility of a gapless superfluid state that may exist
above the Landau critical velocity.
Therefore, in this paper, we study the influence of su-
perflow on Fermi superfluids at zero temperature (T = 0)
considering the possible flow-induced gapless superfluid
states. First, we calculate the superflow velocity de-
pendence of the superfluid order parameter within the
mean-field approximation. In the BCS regime, we find
that a gapless superfluid state can survive even after
the superflow velocity exceeds the onset for Cooper pair
breaking as in the case of the 3D superconductors. The
flow-induced gapless superfluid appears in a considerable
range of the superflow velocity for the intermediate at-
tractive interaction (but on the BCS side). However we
should note that in a neutral superfluid, the collective AB
mode plays a crucial role in the stability of the system
in contrast of superconductors, in which the AB mode is
pushed up to the plasma frequency due to the long-range
Coulomb interaction [52]. Therefore, we analyze the col-
lective excitation spectra by employing the generalized
random-phase approximation (GRPA) [14, 30, 35, 53–
60]. The GRPA excitation spectrum has a continuum of
Bogoliubov quasiparticle-pair excitations and the collec-
tive AB mode when the superflow is absence [30]. In the
BCS regime, if the superflow velocity exceeds the onset
value for the pair breaking, an additional quasiparticle-
quasihole continuum and a second collective mode ap-
pear. We find that the excitation energy of the second
collective mode can have a nonzero imaginary part even
if the superfluid order parameter remains finite. This
excitation leads to an exponential growth of arbitrarily
small perturbations in time, called dynamical instabil-
ity [33, 61]. As a result, there remains only a small win-
dow of superflow velocity for stable gapless superfluid
states.
This paper is organized as follows. In Sec. II, we intro-
duce the order parameter that describes Cooper pairing
with nonzero center-of-mass momentum in order to con-
sider the presence of superflow. Within the mean-field
approximation, we solve a set of self-consistent equations
to determine the region where the gapless superfluid state
can appear in the plane of interaction strength and super-
flow velocity. In Sec. III, based on the GRPA, we discuss
the stability of the flow-induced gapless superfluid state
and present the stability phase diagram of Fermi super-
fluids in the presence of superflow. Finally, in Sec. IV,
we give a summary and make some remarks on gapless
superfluid states in other systems. Throughout the pa-
per, the Planck constant ℏ and the Boltzmann constant
kB are set to be unity (ℏ = kB = 1).
II. MEAN-FIELD ANALYSIS
We describe a system of homogeneous two-component
Fermi gases with equal mass and equal population using
the following Hamiltonian:
Hˆ =
∑
σ
∫
dr ψˆ†σ(r)
(
−∇
2
2m
− µ
)
ψˆσ(r)
+ g
∫
dr ψˆ†↑(r)ψˆ
†
↓(r)ψˆ↓(r)ψˆ↑(r), (2)
where ψˆ†σ(r) is the field operator that creates a fermion
with pseudospin σ =↑, ↓, m is the mass of the fermion,
and µ is the chemical potential. We perform a mean-
field analysis of the Hamiltonian (2) under the presence
of superflow. We assume an attractive s-wave interac-
tion (g < 0) between the “spin-up” and “spin-down”
particles, which can be tuned by the Feshbach resonance
technique [4]. For a standard (gapped) superfluid, the
effects of superflow can be discussed only by applying
the Galilean transformation to the system [46]. However
one has to explicitly assume that Cooper pairs possess a
nonzero center-of-mass momentum 2mv in order to dis-
cuss a possible gapless superfluid state in the presence
of superflow with a constant velocity v. We therefore
introduce the superfluid order parameter ∆ as
∆ = − g
V
∑
k
〈cˆ−k+mv,↓cˆk+mv,↑〉,
3where V denotes the volume of the system and cˆkσ is the
Fourier transform of the annihilation operator ψˆσ(r):
ψˆσ(r) =
1√
V
∑
k
eik·rcˆkσ.
In the rest of this section, we derive the velocity v de-
pendence of the superfluid order parameter ∆, and show
that a gapless superfluid state can be formed in a certain
range of |v|.
A. Self-consistent equations
Applying the standard mean-field approximation to
the Hamiltonian (2), we obtain
HˆMF =
∑
k
Ψˆ†k
(
ξk+mv −∆
−∆ −ξ−k+mv
)
Ψˆk
+
∑
k
ξ−k+mv − ∆
2
g
V, (3)
in the Fourier space. Here, Ψˆ†k = (cˆ
†
k+mv,↑ cˆ−k+mv,↓) is
the Nambu-Gor’kov spinor and ξk = ǫk − µ denotes the
kinetic energy (ǫk = |k|2/2m) measured from the chem-
ical potential. The mean-field Hamiltonian HˆMF can be
diagonalized by the following Bogoliubov transformation:
Ψˆk =
(
uk vk
−vk uk
)(
αˆk0
αˆ†−k1
)
, (4)
where the Bogoliubov coefficients uk and vk are chosen
so that the 2 × 2 matrix in Eq. (3) can be diagonalized:
uk
2 = (1 + ξ+k /Ek)/2 and vk
2 = (1 − ξ+k /Ek)/2 with
ξ+k = (ξk+mv + ξk−mv)/2 and Ek =
√
ξ+k
2 +∆2. Here
αˆ†kλ is the creation operator of a Bogoliubov quasipar-
ticle with momentum k and λ = 0, 1. The Bogoliubov
quasiparticles αˆkλ and αˆ
†
kλ satisfy the anticommutation
relations {αˆkλ, αˆ†k′λ′} = δkk′δλλ′ and {αˆkλ, αˆk′λ′} =
{αˆ†kλ, αˆ†k′λ′} = 0. Using the Bogoliubov quasiparticle op-
erators, the mean-field Hamiltonian (3) can be rewritten
in the diagonal form:
HˆMF =
∑
λ=0,1
∑
k
ωkαˆ
†
kλαˆkλ + E0, (5)
with
E0 = −
∑
k
(Ek − ξ+k )−
∆2
g
V.
The Bogoliubov quasiparticle energy is given by
ωk = Ek + k · v. (6)
We schematically show the dispersion ωk for several val-
ues of v = |v| in Fig. 1. For v 6= 0, the quasiparticle
FIG. 1. (Color online) Schematic plots of the Bogoliubov
quasiparticle energy ωk (thick solid lines) for (a) v = 0, (b)
0 < v < vpb, (c) vpb < v < v
∗
pb. We also show the free-
particle and free-hole energies, ξk+mv and −ξ−k+mv by thin
solid lines. Here, v∗pb is the velocity at which the order param-
eter vanishes (see the text). (d) is the enlarged view of the
region where the Bogoliubov band has negative energy in (c).
The absolute value of k denote |k|, and a positive (negative)
value of k means that the quasiparticle momentum k in the
same (opposite) direction as superflow velocity v.
dispersion is tilted in the direction opposite to the super-
flow due to the Doppler shift k · v. With the superflow
velocity v increases, the energy gap Eg decreases mono-
tonically and reaches zero at a certain velocity v = vpb.
For v > vpb, one finds that quasiparticle states with
negative energy appear for a certain range of k [shown
by the red-dashed curve in Fig. 1(d)], where Bogoliubov
quasiparticles can be spontaneously created. Such quasi-
particle creation occurs in pairs since αˆk0 and αˆ−k1 are
degenerate with the same energy ωk. This quasiparticle-
pair excitation corresponds to the Cooper pair breaking
in terms of the original fermion. Hence one can see that
v = vpb is the threshold velocity for the onset of the pair
breaking.
The ground state energy E0 can be obtained from the
diagonalized mean-field Hamiltonian (5) as
E0 = 2
∑
k
ωkΘ(−ωk) + E0, (7)
where Θ(ǫ) denotes the Heaviside step function defined
by Θ(ǫ) = 1 for ǫ ≥ 0 and Θ(ǫ) = 0 for ǫ < 0. The
first term represents the contribution of the quasiparticle-
pair creation. For v < vpb, the ground state energy is
reduced to E0 = E0 because the quasiparticle energy ωk
is always positive [Fig. 1(a) and (b)]. On the other hand,
for v > vpb, the Heaviside step function Θ(−ωk) takes
1 in a certain region of k-space, and the energy of the
system E0 is lowered from E0 due to the spontaneous
creation of quasiparticle pairs. As a result, the negative
4energy states in the two degenerate Bogoliubov bands
[indicated by the red-dashed curve in Fig. 1(d)] are filled
with the quasiparticles.
The quasiparticle excitations cannot be created indef-
initely due to the Pauli exclusion principle. Therefore,
a gapless superfluid state that has nonzero order param-
eter but zero energy gap can be stabilized for v > vpb.
The partial breaking of Cooper pairs and the formation
of the gapless superfluid state can be seen by calculating
the superflow velocity v dependence of the order param-
eter ∆. The stationary condition ∂E0/∂∆ = 0 leads to
the following gap equation:
−1
g
=
1
V
∑
k
1
2Ek
[1− 2Θ(−ωk)]. (8)
It is known that the sum in the right-hand side of Eq. (8)
has an ultraviolet divergence, which can be removed by
introducing a momentum cutoff or by using the relation
between the bare coupling constant g and the effective
s-wave scattering length as [15]:
m
4πas
=
1
g
+
1
V
∑
k
1
2ǫk
, (9)
We regularize the ultraviolet divergence by eliminating
the coupling constant g from Eqs. (8) and (9). Further-
more, the total number of fermions N = V kF
3/3π2 (kF
being the Fermi wave vector) satisfies the number equa-
tion N = −∂E0/∂µ, which should be solved together
with the gap equation (8). Thus, we obtain a set of
self-consistent equations
− m
4πas
=
1
V
∑
k
[
1
2Ek
[1− 2Θ(−ωk)]− 1
2ǫk
]
, (10)
and
kF
3
3π2
=
1
V
∑
k
[
1− ξ
+
k
Ek
[1− 2Θ(−ωk)]
]
. (11)
The solution of Eqs. (10) and (11) provides a reason-
able description of the ground-state properties from the
weak-coupling to strong-coupling regime [10–15]. In this
formalism, the interaction strength is characterized by
the dimensionless parameter 1/kFas: the weak-coupling
and strong-coupling limits correspond to 1/kFas = −∞
and ∞, respectively.
B. Flow-induced gapless superfluid
In Fig. 2, we show the numerical solution of the self-
consistent equations Eqs. (10) and (11) as a function of
the superflow velocity v for the interaction parameter
1/kFas = −0.5. As we already mentioned above the
quasiparticle energy gap Eg decreases monotonically as
v increases, and eventually reaches zero at v = vpb. For
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FIG. 2. (Color online) The superflow velocity v dependences
of (a) the order parameter ∆ (solid line) and the quasiparticle
energy gap Eg (dashed line), and (b) the chemical potential µ
(solid line) and µ0 +mv
2/2 (dashed line) for 1/kFas = −0.5.
The onset of pair breaking vpb is indicated by solid vertical
line. The dashed vertical line corresponds to the velocity v∗pb
at which the order parameter vanishes.
0 < v < vpb, since Θ(−ωk) = 0 for any value of k, the
superflow velocity dependence appears only through ξ+k
in the self-consistent equations (10) and (11). Moreover,
this effect can be canceled by shifting the chemical poten-
tial by mv2/2. Therefore the order parameter ∆ takes a
constant value ∆0 for v < vpb and the chemical potential
µ is simply given by µ0 +mv
2/2, where ∆0 and µ0 are
the solutions of Eqs. (10) and (11) for v = 0. This corre-
sponds to the invariance of the system under the Galilean
transformation with a constant velocity v. Therefore the
onset for the pair breaking vpb can be obtained by ap-
plying the Landau criterion (1) to the excitation energy
at v = 0, E0k = ωk|v=0 =
√
(ǫk − µ0)2 +∆02, as [30]
vpb = min
k
[
E0k
k
]
=
√√
∆0
2 + µ02 − µ0
m
. (12)
The main focus of the present paper is that the ex-
istence of a gapless superfluid state for v > vpb. As
shown in Fig. 2(a), the order parameter remains nonzero
even after the superflow velocity v exceeds vpb and the
pair-breaking excitations begin to be created. This is
analogous to the case of 3D BCS superconductors with
supercurrent [49]. When the superflow velocity v fur-
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FIG. 3. (Color online) The interaction parameter 1/kFas
dependences of the onset (vpb; dotted line) and offset (v
∗
pb;
solid line) for the pair breaking and the sound velocity c0
(dot-dashed line). The dashed vertical line corresponds to
(1/kFas)0 at which vpb = c0.
ther increases, the order parameter ∆ decreases mono-
tonically due to the quasiparticle-pair creations, and the
chemical potential µ deviates from µ0 + mv
2/2. Thus,
the Galilean symmetry is broken for v > vpb. The order
parameter ∆ eventually reaches zero and the chemical
potential µ becomes equal to the Fermi energy ǫF at a
certain velocity v∗pb. At v = v
∗
pb, all Cooper pairs are
broken and the system undergoes a second-order transi-
tion to the normal fluid. This behavior is similar to the
finite temperature case where the order parameter is sup-
pressed by thermally excited quasiparticles and vanishes
at a critical temperature. Solving the gap equation (10)
with the conditions ∆→ 0 and µ = ǫF, one can find that
the offset of the pair breaking v∗pb is given by
θ tan θ =
π
2kFas
− 1, (13)
with θ = arccos(vF/v
∗
pb) (see Appendix A for the details
of the derivation).
We show the 1/kFas dependences of vpb and v
∗
pb in
Fig. 3. In between vpb and v
∗
pb, a solution of gap-
less superfluid states exists within the mean-field ap-
proximation. We also plot the sound velocity c0 =√
(N/m)(∂µ/∂N), which corresponds to the slope of
the AB phonon mode at the long-wavelength limit for
v = 0 [30]. As reported in Ref. [30], the curves of vpb and
c0 cross each other near unitarity [(1/kFas)0 ≈ 0.075].
For 1/kFas > (1/kFas)0, the collective phonon excita-
tions occur at v = c0 according to the Landau crite-
rion (1) before the quasiparticle-pair excitations. There-
fore, the critical velocity for the breakdown of superfluid-
ity is given by the sound velocity c0 [30]. In contrast, for
1/kFas < (1/kFas)0, the quasiparticle-pair (Cooper pair-
breaking) excitations start to be created at v = vpb > c0,
and the gapless superfluid state can exist in the region
vpb < v < v
∗
pb (see Fig. 3) according to our mean-field
analysis in which a finite center-of-mass momentum of
the Cooper pairs is considered.
III. LINEAR STABILITY ANALYSIS
In this section, we analyze the linear stability of the
mean-field solutions, especially focusing on the flow-
induced gapless superfluid state. To this end, we study
the collective-mode excitations applying the GRPA [14,
30, 35, 53–60]. The GRPA analysis allows us to calcu-
late the dynamic structure factor, which can be measured
experimentally with the Bragg spectroscopy [62–64].
A. Generalized random-phase approximation
To discuss a superfluid system flowing with constant
velocity, it is convenient to define a phase-twisted fermion
operator [35]
ˆ˜
ψ†σ(r) = ψˆ
†
σ(r)e
imv·r,
and rewrite the mean-field Hamiltonian (3) as
HˆMF =
∑
σ
∫
dr ˆ˜ψ†σ(r)
[
− (∇+ imv)
2
2m
− µ
]
ˆ˜ψσ(r)
−
∫
dr ( ˆ˜ψ†↑(r)
ˆ˜ψ†↓(r)∆ + H.c.)−
|∆|2
g
V (14)
in real space. We discuss the linear response of the sys-
tem to a time-dependent perturbation U(r, t) that cou-
ples to the density nˆ(r) =
∑
σ nˆσ(r). Here, nˆσ(r) ≡
ψˆ†σ(r)ψˆσ(r) =
ˆ˜ψ†σ(r)
ˆ˜ψσ(r). The density response func-
tion matrix Π(r, t) to the external field
Hˆext(t) =
∫
dr nˆ(r)U(r, t)
is defined by
δρ(r, t) =
∫
dr′
∫
dt′Π(r− r′, t− t′)U(r′, t′). (15)
Here the matrix δρ(r, t) represents the local fluctuations
of the density matrix [30, 58]
ρˆ(r) =
(
nˆ↑(r) mˆ(r)
mˆ†(r) −nˆ↓(r)
)
, (16)
where mˆ(r) ≡ ψˆ↓(r)ψˆ↑(r)e−2imv·r = ˆ˜ψ↓(r) ˆ˜ψ↑(r) is the
anomalous density operator.
Let us calculate Π(r, t) within the GRPA. Since the
order parameter ∆ can be described in terms of mˆ(r) as
∆ = −g〈mˆ(r)〉, the fluctuations around the mean-field ∆
in Eq. (14) give rise to the effective potential
δHˆint(t) = g
∫
dr (ρˆ21(r)δρ12(r, t) + ρˆ12(r)δρ21(r, t)),
6which acts like an external field that couples to the
anomalous density. Thus the total external field includ-
ing the fluctuation effects of the mean field is given by
Hˆeffext(t) = Hˆext(t) + δHˆint(t). The linear response theory
with respect to the perturbation Hˆeffext(t) leads to
δρ(r, t) =
∫
dr′
∫
dt′Π0(r− r′, t− t′)U(r′, t′)
+ g
∫
dr′
∫
dt′X0(r− r′, t− t′)†δρ12(r′, t′)
+ g
∫
dr′
∫
dt′X0(r− r′, t− t′)δρ21(r′, t′)
(17)
with
Π0(r− r′, t− t′) = −i〈[ ρˆ(r, t),Tr[σ3ρˆ(r′, t′)] ]〉Θ(t − t′),
X0(r− r′, t− t′) = −i〈[ ρˆ(r, t), ρˆ12(r′, t′)]〉Θ(t − t′).
Here, σ3 is the Pauli matrix
σ3 =
(
1 0
0 −1
)
,
and ρˆ(r, t) = eiHˆMFtρˆ(r)e−iHˆMFt is the density matrix op-
erator in the Heisenberg picture. Comparing Eqs. (15)
and (17), we find the following self-consistent GRPA
equation:
Π(q, ω) =Π0(q, ω) + gX0(q, ω)Π21(q, ω)
+ gX0(−q,−ω)†Π12(q, ω). (18)
Thus the off-diagonal elements of Π(q, ω) are obtained
by solving the linear matrix equation
Γ (q, ω)
(
Π12(q, ω)
Π21(q, ω)
)
=
(
Π012(q, ω)
Π021(q, ω)
)
(19)
with
Γ (q, ω) =
(
1− gX021(−q,−ω)∗ −gX012(q, ω)
−gX012(−q,−ω)∗ 1− gX021(q, ω)
)
.
Substituting the solution of Eq. (19) in Eq. (18), we
also obtain the diagonal elements of Π(q, ω). Accord-
ing to the fluctuation-dissipation theorem, the dynamic
structure factor can be calculated through S(q, ω) =
− Im[Π(q, ω)]/π at zero temperature from the density-
density response function Π(q, ω) = Tr[σ3Π(q, ω)].
The response function matricesΠ0(q, ω) andX0(q, ω)
at the simple mean-field level are given by
Π0(q, iΩm) = Gσ3G,
X0(q, iΩm) =
(
G12
G22
)(
G11 G12
)
.
(20)
Here, Ωm = 2πm/β is the bosonic Matsubara frequency
with m being an integer and we use the notation
GαβGγδ
=
1
βV
∑
k,ωn
Gαβ(k+ q, iωn + iΩm)Gγδ(k, iωn). (21)
Within the mean-field theory of Sec. II, the single-particle
Green’s function G(k, iωn) in the Nambu representation
has the form [53]
G(k, iωn) =
C+(k)
iωn − ωk +
C−(k)
iωn + ω−k
,
where ωn = π(2n+ 1)/β is the fermionic Matsubara fre-
quency with n being an integer. The coefficient matrices
C±(k) are given by
C+(k) =
(
uk
2 ukvk
ukvk vk
2
)
, C−(k) = 1−C+(k)
where uk and vk are the Bogoliubov coefficients in
Eq. (4), and 1 is the 2 × 2 unit matrix. Carrying out
the summation over the fermionic Matsubara frequency
ωn in Eq. (21) in the usual manner, we obtain
GαβGγδ
=
1
V
∑
k
C+αβ(k + q)C
−
γδ(k)
1 − f(ωk+q)− f(ω−k)
iΩm − ωk+q − ω−k
+
1
V
∑
k
[C+αβ(k+ q)C
+
γδ(k) + C
−
αβ(k)C
−
γδ(k+ q)]
× −f(ωk+q) + f(ωk)
iΩm − ωk+q + ωk
+
1
V
∑
k
C−αβ(k+ q)C
+
γδ(k)
f(ω−k−q) + f(ωk)− 1
iΩm + ω−k−q + ωk
,
(22)
where f(ǫ) = 1/(1 + eβǫ) is the Fermi-Dirac distribution
function with β = 1/T being the inverse temperature. At
zero temperature, f(ǫ) is replaced by the Heaviside step
function Θ(−ǫ). The analytic continuation iΩm → ω+iδ
(where δ is a positive infinitesimal) gives Π0(q, ω) and
X0(q, ω) from Eqs. (20) and (22). Now one can calculate
the dynamic structure factor S(q, ω) from Eqs. (18)-(22).
B. Excitation spectrum
The GRPA excitation spectrum ω(q) is given as poles
of the structure factor S(q, ω) or, equivalently, of the re-
sponse functionΠ(q, ω). In what follows, we restrict our
attention to the excitations with momentum q ‖ v, which
is crucial for the instability caused by superflow. We use
a positive (negative) value of q when q and v is in the
same (opposite) direction. As shown in Fig. 4, the excita-
tion spectrum of the standard (gapped) superfluid state
for v < vpb consists of two different types of excitations;
one is the quasiparticle-pair continuum with the energy
gap 2Eg and the other is a gapless collective-mode disper-
sion [30]. For v < vpb, introducing superflow causes only
the tilting of the excitation spectrum in the opposite di-
rection of the superflow. The continuum comes from the
poles of the summands of the first sum in Eq. (22), which
7-2 -1 0 1 2
0.0
0.5
1.0
1.5
2.0
FIG. 4. (Color online) Excitation spectrum for 1/kFas =
−0.5 and v = 0.15vF. The dashed area corresponds to the
continuum of the quasiparticle-pair excitations and the red-
solid line shows the dispersion relation of the gapless AB
mode. The boundary of the continuum and the AB mode
dispersion for v = 0 [30] are also shown by the dotted lines.
A positive (negative) value of q represents the magnitude of
the quasiparticle momentum q which is in the same (opposite)
direction as the flow.
correspond to the quasiparticle-pair excitations with the
energy ωk+q + ω−k. Minimizing ωk+q + ω−k for given
q with respect to k, we obtain the lower bound of the
continuum
ωpp− (q)
=
{
2∆+ vq (µ > 0 and |q| ≤ 2
√
2mµ− (mv)2),
ωq/2 (otherwise).
The second sum in Eq. (22) does not contribute to the ex-
citation spectra at zero temperature for v < vpb because
ωk is always positive for any value of k. The collective-
mode dispersion, known as the AB mode, can be obtained
by solving the equation detΓ (q, ω) = 0 [see Eq. (19)] to-
gether with the gap equation (8). The collective mode
exhibits a gapless linear dispersion in the long-wavelength
region:
ω(q) ≈ c0q + q · v. (23)
This agrees with the hydrodynamic description of the
phonon dispersion for a moving condensate [65–67], i.e.,
ω(q) ≈
√
E¯N,N E¯vi,vjqiqj/m2 + E¯N,viqi/m, (24)
where E¯ = E0 + µN , E¯N,N = ∂2E¯/∂N2 and E¯vi,vj =
∂2E¯/∂vi∂vj . Here we used the Einstein convention for
summation over repeated Cartesian indices i and j.
The amplitude and phase fluctuations of the super-
fluid order parameter can be described by λ(q, ω) =
[Π12(q, ω) + Π21(q, ω)]/
√
2 and θ(q, ω) = [Π12(q, ω) −
Π21(q, ω)]/
√
2, respectively [14]. We also define λ0(q, ω)
and θ0(q, ω) forΠ012(q, ω) andΠ
0
21(q, ω) in the same way.
In terms of these quantities, Eq. (19) becomes(
A(q, ω) M(q, ω)
M(q, ω) P (q, ω)
)(
λ(q, ω)
θ(q, ω)
)
=
(
λ0(q, ω)
θ0(q, ω)
)
, (25)
where A(q, ω) = 1− gX+21(q, ω)− gX012(q, ω), P (q, ω) =
1 − gX+21(q, ω) + gX012(q, ω), and M(q, ω) = gX−21(q, ω)
with X±21(q, ω) = [X
0
21(q, ω) ± X021(−q,−ω)∗]/2. Here
we used the relation X012(q, ω) = X
0
12(−q,−ω)∗. The
off-diagonal element M(q, ω) represents the coupling be-
tween the amplitude and phase fluctuations. In the
gapped superfluid state for v < vpb, the amplitude and
phase modes can be decoupled when the Doppler-shifted
frequency ω˜ ≡ ω − q · v [56] is zero, i.e., M(q,q · v) = 0.
Moreover, the fact P (0, 0) = 0 indicates that the long-
wavelength and low-energy excitation of the gapless AB
collective mode in Fig. 4 arises from the phase fluctua-
tions. This is indeed a Nambu-Goldstone mode respon-
sible for U(1) symmetry breaking [14]. The other branch
of collective motion, arising from the amplitude fluctua-
tions of the order parameter, has a gap 2∆ at q = 0, i.e.,
A(0, 2∆) = 0. The dispersion of the amplitude mode is
not visible in Fig. 4 since it merges into the quasiparticle-
pair continuum in contrast to exceptional cases such as
superfluids in the honeycomb lattice [68].
When the superflow velocity v exceeds vpb given by
Eq. (12), the spontaneous quasiparticle-pair creations
(the Cooper pair-breaking excitations) occur and the
negative energy states in the Bogoliubov quasiparticle
bands are occupied. As a result, the feature of the ex-
citation spectrum is qualitatively changed. In Fig. 5,
we show the GRPA excitation spectrum of the flow-
induced gapless superfluid state for 1/kFas = −0.5 and
v = 0.215vF > vpb. One can see the appearance of an ad-
ditional narrow continuum (the gray-shaded area), which
comes from the poles of the summands of the second sum
in Eq. (22). This excitation corresponds to the simultane-
ous creations of a quasiparticle with the energy ωk+q > 0
and a quasihole with ωk < 0. In other words, the exci-
tation process can be seen as the intra-band scattering
of a quasiparticle αˆkλ from an occupied state [the red-
dashed curve in Fig. 1(d)] to an empty state (the green-
solid curve). In Fig. 5(a), we determine the upper and
lower boundaries of the “quasiparticle-quasihole” contin-
uum, which are obtained by maximizing and minimiz-
ing the quasiparticle-quasihole creation energy ωk+q−ωk
(ωk+q > 0, ωk < 0) for given q with respect to k. Fur-
thermore, the gap of the quasiparticle-quasiparticle con-
tinuum, 2Eg, vanishes and the curve of the lower bound
ωpp− (q) is truncated at ω = 0 around q = −2kF [see
Fig. 5(b)]. Instead, the third sum in Eq. (22) causes
the “quasihole-quasihole” continuum around q = 2kF
[Fig. 5(c)].
The fact that a part of the Bogoliubov quasiparticle
bands are filled also strongly affects the behavior of the
collective-mode dispersion in the gapless superfluid state.
In the next subsection, we will discuss the details and find
that the collective-mode excitation can cause instability
of the flow-induced gapless superfluid state.
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FIG. 5. (Color online) Excitation spectrum for 1/kFas =
−0.5 and v = 0.215vF . (b) and (c) are enlarged views
of (a) near q = ±2kF and low ω. The red-solid line
shows the dispersion relation of the collective mode. The
striped and gray-shaded areas correspond to the region where
the quasiparticle-quasiparticle (or quasihole-quasihole) and
quasiparticle-quasihole excitations are possible, respectively.
The dashed lines represent the boundaries of those continua.
A positive (negative) value of q represents the magnitude of
the quasiparticle momentum q which is in the same (opposite)
direction as the flow.
C. Dynamical instability
In Fig. 6(a), we show an enlarged view of the low-
energy and long-wavelength region in Fig. 5(a). We
numerically find that the slope of the collective mode at
|q| ≈ 0 disagrees with the standard hydrodynamic ex-
pression given by Eq. (24) in contrast to the case of the
gapped superfluid. Moreover, the amplitude and phase
fluctuations are decoupled only when ω˜ = 0 AND q = 0
since M(q,q · v) 6= 0 for |q| 6= 0. As shown in Fig. 6(a),
the curve of the gapless collective mode passes through
the quasiparticle-quasihole continuum band. In order to
see the merging of the collective-mode and continuum
excitations in detail, we calculate the dynamic struc-
ture factor S(q, ω). As shown in Fig. 6(b), the sharp
delta-function peak is broadened inside the quasiparticle-
quasihole continuum, which indicates damping of the
collective mode. Moreover, one can also notice that a
small subpeak exists in S(q, ω) for very small values of
|q| in addition to the sharp delta-function peak. This
may indicate the appearance of a second gapless collec-
tive mode, although it is strongly damped due to the
merging with the continuum. Those characteristic fea-
tures of the GRPA excitation spectrum for the gapless
superfluid state should be intimately related to the fact
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FIG. 6. (Color online) (a) Excitation spectrum in the long-
wavelength region for 1/kFas = −0.5 and v = 0.215vF. (b)
Dynamic structure factor in the left half of (a). In calculating
the dynamic structure factor, we use a broadening factor of
δ = 10−4ǫF.
that the Galilean symmetry of the system is broken due
to the spontaneous quasiparticle-pair excitations.
When the superflow velocity further increases and ex-
ceeds a certain critical value, the second collective mode
is more clearly obtained as a solution of the GRPA equa-
tion for the collective mode, detΓ (q, ω) = 0. We show
the excitation spectrum and the second solution of the
collective mode for 1/kFas = −0.5 and v = 0.22vF in
Fig. 7(a) and 7(b), respectively. As shown in Fig. 7(b),
the long-wavelength excitation energy of the second col-
lective mode has a nonzero imaginary part. The imagi-
nary part vanishes for q . −0.1kF, and the second col-
lective mode merges into the continuum. Although the
damped collective mode is hardly visible, one can still
notice a small subpeak in the structure factor S(q, ω)
around q = −0.1kF [Fig. 7(c)]. The appearance of excita-
tions with a nonzero imaginary part can be seen as a sig-
nal of dynamical instability of the system since it causes
90.2
0.3
0.1
0.0
0.0
-0.1
-0.2
-0.3
0.2
0.1
0.0
0.00
-0.3 -0.2 -0.1 0.0 0.1 0.30.2
0.05
0.10
0.15
0.20
-0.1 0.0 0.1 -0.1 0.0 0.1
0.000
0.002
0.004
0.000
0.001
-0.001
FIG. 7. (Color online) (a) Excitation spectrum and (b)
excitation energy of the second collective mode in the long-
wavelength region for 1/kFas = −0.5 and v = 0.22vF . (c)
Dynamic structure factor in the left half of (a). We use a
broadening factor of δ = 10−4ǫF.
an exponential growth of perturbations in time [33, 61].
We calculate the velocity vdi at which a long-wavelength
excitation with Im[ω] 6= 0 begins to appear, and deter-
mine the stability phase diagram for v ≥ vpb in Fig. 8. In
Ref. [30], the critical velocity on the BCS side has been
determined by the onset of fermionic pair-breaking ex-
citations, vpb. However, in the narrow region of Fig. 8
below the curve of vdi − vpb, the gapless superfluid state
can be still dynamically stable. This means that the
consideration of gapless superfluid state leads to an in-
crease in the critical velocity of superflow on the BCS
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unstable 
stable
FIG. 8. (Color online) The 1/kFas dependences of v
∗
pb− vpb
(solid line), vdi − vpb (dot-dashed line) and v¯ − vpb (dashed
line) in units of the Fermi velocity vF. The stable gapless su-
perfluid state can be formed in the region below the solid line.
Above the dot-dashed line, the superfluid order parameter ∆
vanishes.
side, although the difference from the pair-breaking on-
set velocity vpb is very small. Our result suggests that
although the pair-breaking excitations do not immedi-
ately cause the instability of superflow, the dynami-
cal destabilization occurs due to the second collective
mode with a nonzero imaginary part in the gapless su-
perfluid state. Note that vdi, vpb, and c0 coincide at
1/kFas = (1/kFas)0. Thus the critical velocity is given
by v = vdi for 1/kFas < (1/kFas)0 and v = c0 for
1/kFas > (1/kFas)0, and the point at which the instabil-
ity mechanism switches in the BCS-BEC crossover does
not change from that obtained in Ref. [30].
In usual gapped superfluids, the instability of the sys-
tem has been also discussed by using the appearance of
a negative value of a second derivative of the free en-
ergy as a criterion [38, 39]. Especially, the phase stiffness
∝ ∂2E¯/∂v2 is useful under the existence of superflow
since it is connected to the long-wavelength collective-
mode excitations via Eq. (24). We therefore calculate
∂2E¯/∂v2 in the gapless superfluid state for v > vpb, in
which Eq. (24) is no longer valid. For 0 ≤ v ≤ vpb, the
quantitym2(∂2E¯/∂v2)−1 equals to the bare fermion mass
m regardless the value of v. If the velocity v exceeds vpb,
the effective massm∗ = m2(∂2E¯/∂v2)−1 deviates fromm
and eventually diverges at a certain velocity v¯. In other
words, the sign of ∂2E¯/∂v2 changes from positive to neg-
ative at v = v¯. As shown in Fig. 8, the value of v¯ does
not coincide with vdi and a negative value of ∂
2E¯/∂v2 ap-
pears always after the dynamical instability occurs. This
fact reminds us that the standard hydrodynamic relation
Eq. (24) is not satisfied in the GRPA for the gapless su-
perfluid state. Note that v¯ approaches asymptotically to
vdi in the weak-coupling limit as can be seen in Fig. 8.
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IV. CONCLUSION
In conclusion, we have studied a superfluid Fermi gas
flowing with constant velocity v in three-dimensional free
space, especially focusing on the BCS side of the BCS-
BEC crossover. Within the mean-field theory, we found
that the superfluid order parameter persists even after
the gap in the Bogoliubov quasiparticle dispersion closes
at v = vpb due to the Doppler shift. In the flow-induced
gapless superfluid state, the superfluid order parameter
monotonically decreases with increasing the superflow
velocity because of the quasiparticle-pair creations (the
Cooper pair-breaking excitations) and eventually van-
ishes at v = v∗pb.
For vpb < v < v
∗
pb, the effect of superflow cannot be un-
derstood by simply introducing a Doppler shift in excita-
tion energies since the spontaneous quasiparticle-pair cre-
ation breaks the Galilean symmetry of the system. In this
case, the critical velocity of superflow is not determined
by the Landau criterion for the stationary state, which
is a similar situation to superfluids on a lattice [34, 35].
Therefore, using the GRPA with explicitly considering a
nonzero center-of-mass momentum of Cooper pairs, we
analyze the fluctuations around the mean-field solution
and the linear stability of the flow-induced gapless super-
fluid state. In a stationary superfluid state, the GRPA
energy spectrum consists of quasiparticle-pair continuum
and a gapless collective-mode dispersion whose slope at
the long-wavelength limit is the sound velocity c0 [30].
The effect of superflow is nothing more than tilting of the
energy spectrum up to v = vpb. However, the structure
of the GRPA spectrum becomes qualitatively different
for vpb < v < v
∗
pb. In the gapless superfluid state, the
quasiparticle-quasihole and quasihole-quasihole continua
appear in addition to the quasiparticle-pair continuum.
Moreover, a second collective mode is found at the long-
wavelength region. Although the second collective mode
causes a dynamical instability slightly above v = vpb, the
gapless superfluid state is expected to survive as a stable
phase in a narrow region of v > vpb.
Finally let us briefly mention other gapless super-
fluid states, such as the Sarma state [69], the Fulde-
Ferrell-Larkin-Ovchinnikov (FFLO) state [70, 71], and
the breached-pairing state [72]. These exotic gap-
less superfluid states are predicted to appear, e.g., in
two-component attractive Fermi gases with mismatched
Fermi surfaces [73, 74]. By analogy with the flow-induced
gapless superfluid states studied here, those exotic su-
perfluid states might also suffer from dynamical instabil-
ity due to the emergence of the second collective mode
with a nonzero imaginary part in its long-wavelength
excitation energy. Note that, although the superfluid-
ity of population-imbalanced Fermi gases has been re-
alized in ultracold atomic systems [75, 76], the exotic
gapless superfluid states have not been identified experi-
mentally yet. Our study suggests that the standard hy-
drodynamic approach cannot be applied to the gapless
superfluid states. In this case, the appearance of the
complex-frequency collective mode has no direct relation
to the sign of a second derivative of the free energy, for
instance, phase stiffness.
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Appendix A: Derivation of Eq. (13)
Here we present a detailed derivation of Eq. (13). As
seen in Fig. 2(a), the order parameter vanishes continu-
ously at v = v∗pb since the superfluid-to-normal transition
is of second order at the mean-field level. The second-
order transition point v∗pb is determined by solving the
gap equation (10) along with the number equation (11).
From the number equation (11), it is easily seen that the
chemical potential is equal to the Fermi energy ǫF for
∆ = 0. Substituting ∆ = 0 and µ = ǫF, we obtain the
following reduced gap equation:
− m
4πas
=
1
4π2
∫ ∞
0
dk
∫ 1
0
dt
k2
|ξ∗+pb |
Θ(|ξ∗+pb | − kv∗pbt)
− 1
4π2
∫ ∞
0
dk
k2
ǫk
. (A1)
Here we use the notation ξ∗+pb = [k
2+(mv∗pb)
2−kF2]/2m,
and t is the cosine of the angle between k and v∗pb. Us-
ing the relation Θ(|ξ∗+pb | − kv∗pbt) = Θ(ω∗−pb )Θ(ξ∗+pb ) +
Θ(−ω∗+pb )Θ(−ξ∗+pb ), where ω∗±pb = ξ∗+pb ± kv∗pbt, we car-
rying out the integration in Eq. (A1) and obtain
π
2kFas
= 1 + 2
√(
v∗pb
vF
)2
− 1 arctan
√
v∗pb − vF
v∗pb + vF
, (A2)
for v∗pb > vF and
π
2kFas
= 1− 2
√
1−
(
v∗pb
vF
)2
arctanh
√
vF − v∗pb
vF + v∗pb
, (A3)
for v∗pb < vF, respectively. Finally, one can ob-
tain Eq. (13) from Eqs. (A2) and (A3) by introduc-
ing θ = arccos(vF/v
∗
pb). Here we use the definition
arccosx = i arccoshx for x > 1. From Eq. (A3), we
find that v∗pb/vF ∼ 2e
pi
2kFas
−1
in the limit of 1/kFas →
−∞. On the other hand, vpb has the form vpb ∼√
µ0/2m (∆0/µ0) ∼ 4vFe
pi
2kFas
−2
because µ0 ∼ ǫF and
∆0 ∼ 8e−2ǫFe
pi
2kFas [14], and therefore v∗pb/vpb →
e/2 [49, 50] in the BCS limit.
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